The improper integrals, appearing in the course of evaluating the vector potential A and the electric field E inside a current-carrying region, are carefully examined. It is found that the integrals exist and have a well-defined meaning only when the current density function satisfies a Holder condition. A definite and precise way of evaluating them is derived and A, E are shown to satisfy the usual inhomogeneous equations.
INTRODUCTION
T HE electric field due to a volume current density distribution J(r) in a volume V can be compactly expressed at points exterior to V by means of a Green's dyadic as 
In the above, I is the identity dyadic and the harmonic time dependence e;wl has been assumed. At points exterior to V the integral in (1) is well defined and, as in potential theory,4 it may be proved that E(ro) is an analytic (differentiable any number of times) function of Xo, Yo, zoo When ro is an interior point of V, </ > and its derivatives have a singularity at ro and the integral becomes improper. Its existence, let alone its continuity and differentiability, and, consequently, the existence of the function E(ro) on the left of Eq. (1) are at stake and must be carefully investigated. Situations of the same nature appear in potential theory and the rigorous theory of the improper integrals involved is given in detail in Ref. 4, and Chap. VI, in particular. In the following continuous reference will be made to the precise definitions and results of Ref. 4 , since rigor, as will become apparent, is indispensable in situations of this kind. Despite the mathematical undertones of the development, its practical interest in connection with the theory of scattering, plasmas, electron beams, etc., needs no overstressing.
II. THE ELECTRIC FIELD AT INTERIOR POINTS
Consider a closed region V bounded by the surface S, both regular in accordance with the definitions in A point r is said to be an interior/exterior point of V provided it is the center of a sphere all/none of whose points belong to V 4 • At any exterior point ro, the volume integral in (1) defines an analytic function E(ro) of Xo, Yo, zoo Consider now a point ro interior to V. At such a point E(ro) may be expressed in terms of the scalar and vector potentials satisfying the Lorentz condition, namely
This expression is a direct consequence of Maxwell's Equations. It is also found that A satisfies the inhomogeneous vector wave equation 
in which the improper integrals are convergent. 4
Returning to the vector potential as defined by (6), we go one step further and inquire about the existence of the second derivatives of A(ro). As will become apparent, and in analogy with potential theory,4 the mere continuity of J,,(r o ) does not suffice to guarantee even the existence of second derivatives. This is ensured only when the current density satisfies a so-called Holder condition at ro, this being equivalent to the statement that there exist three positive constants c, B, a such that 
for all points r for which R ~ c. Some plots and pertinent comments clarifying the meaning of this condition in one dimension will be given later. Notice that now ro cannot belong to either S or S; on which J(r) is discontinuous. Nevertheless, at such points, at least certain second derivatives of a continuous solution of (5) must be discontinuous, as is indicated by (5); i.e., if the density jumps by JI in crossing such a surface, \j2A must jump by -/-IJI.
Let now 2: be a sphere about ro of radius a, lying in V. Then A = Al + A 2 , where Al is the potential of the current density inside 2: and A2 the potential of the remaining current density distribution. As ro is exterior to this latter distribution, the potential A2 has derivatives of all orders at ro and satisfies \j2 A2 + e A2 = 0 there.
Consider next AI' If the density J(r) is constant in 2: then at each interior point r l of 2: using (6) we may obtain (see also Fig. 1 )
We see that, at interior points, A1u(r l ) exists and turns out to be differentiable any number of times with respect to Xl, YI, Zl' In addition (to) i.e., for constant J, Eq. Setting now
we see that the potential of a sphere with continuous current density at ro is the sum of the potentials of the sphere with vanishing density at ro and of a sphere with constant density, equal to J(ro), of the given sphere. It remains to evaluate the contribution where the origin was taken at ra with R = Ir -ral = (x 2 + y2 + Z2)!; the integrals involved are convergent by virtue of (ll) and since, also, Ixl ~ R,
The fact that the integrals are convergent and define DI and D2 is not in itself enough to establish the identification, for instance, of DI with (411"/IL) (a 2 AJax 2 )r •• In order to achieve that, we resort to the definition of derivative and to the already established fact that for the first derivatives, differentiation under the sign of integration is permissible. If r a , r l , and r are the points (0, 0, 0), (h, 0, 0), and (x, y, z), respectively, we consider
for h ~ 0, where, with R = (x 2 + y2 + z2)1 and
The integral I is convergent for reasons similar to those for DI and with the use of the additional relations Ix -hi ~ R I , etc. It will be shown that I tends to 0 with h. Calling
it may be seen that the bracketed expression in the integrand of (15) is
where a Maclaurin series in h was used to obtain the right-hand side. It is now obvious that the integral has a meaning for h = 0, in fact it is 0, since the integrand reduces then to O. It remains to show that I is continuous in r l at ra, so that it tends to 0 with h. It will then follow from (14) (15) is continuous in ~ -fT, apart from the piecewise continuous density J~(r). The contribution from ~ -fT can, therefore, be made arbitrarily small, independently of fT, by restricting sufficiently h. Then I will be continuous if the integral over fT can be made arbitrarily small by sufficiently restricting the radius of fT, independently of the position of r l in fT. Two infinities are now present in the integrand, those due to denominators containing R and those containing R I • It is obvious that terms giving rise to convergent integrals [for instance those containing R in the denominator, because of (ll)] can be discarded since they tend to 0 with fT, independently of rl. We then keep only the "most singular" terms. This immediately reduces the integrand to the corresponding one of potential theory (Ref. 4, and the rest of the proof can be found in Ref. 4. Thus I is continuous and the desired result (18) is obtained. The same procedure applies to D2 and to a2Au/axay. In particular, forming V'~Au from (12),
by interchanging x, y, z, adding and using (6), we find for the pontential due to J~(r):
Adding the potential of the rest of the distribution, inside and outside ~, we see that all second derivatives of A exist and that (5) is satisfied. Returning to the electric field and Eq. (4), it may be concluded that, as long as J satisfies a
Holder condition at r o , the equation is valid and that it can be expressed in terms of convergent integrals. Evaluation of E is based on Eqs. (4), (9) and on the possibility of differentiating under the sign of integration for the rest of the contribution. More explicitly, Eq.
(1) becomes
The integral over 2: is convergent. Notice that 2:
can be any finite region around r o , not necessarily a sphere, as long as it lies in V and in it (11) is satisfied (i.e., max Ir -rol :::;; c). This would modify the form of Eq. (9) and the last term in (20) , which, for a sphere, assume their simplest and more explicit form. However, the' field may be evaluated at all points r l interior to 2:(ro), not only at its center. This is equivalent to using as excluded region for r l a sphere with center at the nearby point r o , in accordance with the preceding remark. The general formula reads
where JI = J(r l ) is a constant vector, not operated upon by V I' It is obvious that in all cases the inhomogeneous equation V X V X E -k 2 E = -jWJ.lJ is satisfied.
m. ILLUSTRATIONS AND CONCLUSIONS
The following comments are addressed to the engineer and applied physisist, rather than to the mathematician. In order to illustrate the Holder condition two functions are given
ft(x) = 1/log lxi,
Mx) = -lxii,
The profile of their plot versus x, around x = 0, is shown in Fig. 2 . They are both continuous at x = 0, they even have" continuously turning" tangent at In conclusion, a definite and precise way of evaluating the field at the interior points of a currentcarrying region has been derived. At the same time attention has been drawn to the necessity of exercising special care in dealing with improper integrals. In particular, differentiation under the sign of integration (Le., interchange of differential and integral operators) requires the utmost care. Moreover, it is not permissible, in general, to let the finite volume v, excluded from V, approach 0, unless a proof can be provided that
exists. In fact, this limit will not exist, unless exist.]
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